Polarization Transport of Transverse Acoustic Waves: Berry Phase and
  Spin Hall Effect of Phonons by Bliokh, K. Yu. & Freilikher, V. D.
3RODUL]DWLRQ7UDQVSRUWRI7UDQVYHUVH$FRXVWLF:DYHV%HUU\
3KDVHDQG6SLQ+DOO(IIHFWRI3KRQRQV
.<X%OLRNKDQG9')UHLOLNKHU
,QVWLWXWHRI5DGLR$VWURQRP\.UDVQR]QDP\RQQD\DVW.KDUNRY8NUDLQH
$<D8VLNRY,QVWLWXWHRI5DGLRSK\VLFVDQG(OHFWURQLFV$NDGHPLND3URVNXU\VW
.KDUNRY8NUDLQH
'HSDUWPHQWRI3K\VLFV%DU,ODQ8QLYHUVLW\5DPDW*DQ,VUDHO
:HFDUU\ RXW D GHWDLOHG DQDO\VLV RI WKH VKRUWZDYH VHPLFODVVLFDO DSSUR[LPDWLRQ IRU WKH
OLQHDU HTXDWLRQV RI WKH HODVWLFLW\ LQ D VPRRWKO\ LQKRPRJHQHRXV LVRWURSLF PHGLXP ,W LV
VKRZQWKDWWKHSRODUL]DWLRQSURSHUWLHVRIWKHWUDQVYHUVHZDYHVDUHFRPSOHWHO\DQDORJRXVWR
WKRVH RI HOHFWURPDJQHWLF ZDYHV DQG FDQ EH FRQVLGHUHG DV VSLQ SURSHUWLHV RI RSWLFDO
SKRQRQV,QSDUWLFXODUWKH+DPLOWRQLDQRIWKHWUDQVYHUVHZDYHVFRQWDLQVDQDGGLWLRQDOWHUP
RI WKH SKRQRQ VSLQRUELW LQWHUDFWLRQ DULVLQJ IURP WKH %HUU\ JDXJH SRWHQWLDO LQ WKH
PRPHQWXPVSDFH7KLVSRWHQWLDOLVGLDJRQDOLQWKHEDVLVRIWKHFLUFXODUO\SRODUL]HGZDYHV
DQG FRUUHVSRQGVWRWKHILHOGRIWZRµPDJQHWLFPRQRSROHV¶RIRSSRVLWHVLJQVIRUSKRQRQVRI
RSSRVLWHKHOLFLWLHV7KLVOHDGVWRWKHDSSHDUDQFHRIWKH%HUU\SKDVHLQWKHHTXDWLRQIRUWKH
SRODUL]DWLRQ HYROXWLRQ DQG DQ DGGLWLRQDO ³DQRPDORXV YHORFLW\´ WHUP LQ WKH UD\ HTXDWLRQV
7KHDQRPDORXVYHORFLW\KDVWKHIRUPRIWKHµ/RUHQW]IRUFH¶FDXVHGE\WKH%HUU\JDXJHILHOG
LQ PRPHQWXP VSDFH DQG JLYHV ULVH WR WKH WUDQVYHUVH WUDQVSRUW RI ZDYHV RI RSSRVLWH
KHOLFLWLHV LQRSSRVLWHGLUHFWLRQV7KLV LVDPDQLIHVWDWLRQRI WKH VSLQ+DOO HIIHFWRIRSWLFDO
SKRQRQV 7KH HIIHFW GLUHFWO\ UHODWHV WR WKH FRQVHUYDWLRQ RI WRWDO DQJXODU PRPHQWXP RI
SKRQRQV DQG DOVR LQIOXHQFHV UHIOHFWLRQ IURP D VKDUS ERXQGDU\ DFRXVWLF DQDORJXH RI WKH
WUDQVYHUVH)HUGRURY,PEHUWVKLIW

3$&6QXPEHUVJG9I.N
 ,QWURGXFWLRQ
7KHDQDORJ\EHWZHHQWKHOLQHDUL]HGHTXDWLRQVRIHODVWLFLW\DQG0D[ZHOOHTXDWLRQVLVZHOO
NQRZQ DQG KDG EHHQ SRLQWHG RXW LQ D QXPEHU RI WH[WERRNV VHH IRU LQVWDQFH >@ ,W KHOSV WR
SUHGLFWQHZSKHQRPHQDIRUDFRXVWLFZDYHVE\NQRZLQJWKHLURSWLFDOFRXQWHUSDUWV,QSDUWLFXODU
SRODUL]DWLRQSKHQRPHQDLQRSWLFVFDQEHPDSSHGRQWRWUDQVYHUVHDFRXVWLFZDYHV
3RODUL]DWLRQ SKHQRPHQD LQ FODVVLFDO HOHFWURG\QDPLFV DQG LQ HODVWLFLW\ WKHRU\ UHSUHVHQW
FROOHFWLYHVSLQSURSHUWLHVRISKRWRQVDQGSKRQRQVUHVSHFWLYHO\,QSDUWLFXODUWKH%HUU\SKDVHIRU
SKRWRQV PDQLIHVWV LWVHOI DV WKH 5\WRY SRODUL]DWLRQ HYROXWLRQ ODZ ORQJ NQRZQ LQ JHRPHWULFDO
RSWLFV >@ 7KLV ODZ LV DSSOLFDEOH WR WUDQVYHUVH DFRXVWLFZDYHV DVZHOO >@ VHH DOVR SDSHU E\
6HJHUW LQ>@7KH%HUU\SKDVHDULVHVGXHWRDZHDNLQWHUPRGHFRXSOLQJZKLFKLQWKHFDVHRI
'LUDFRU0D[ZHOOHTXDWLRQVUHYHDOVLWVHOIDVWKHVSLQRUELWLQWHUDFWLRQ>@ 7KLVLQWHUDFWLRQLV
GHVFULEHG E\ DQ DGGLWLRQDO JDXJH ILHOG WKH%HUU\ JDXJH ILHOG WKDW LQIOXHQFHV WKH HYROXWLRQ RI
SDUWLFOHV DQG ZDYHV >@ ,WV HIIHFW RQ WKH LQWULQVLF GHJUHHV RI IUHHGRP SKDVH DQG
SRODUL]DWLRQOHDGVWRWKHDSSHDUDQFHRIWKH%HUU\SKDVHZKLOHLWVLQIOXHQFHRQWKHWUDQVODWLRQDO
GHJUHHVRIIUHHGRPLQIDFWRQWKHWUDMHFWRULHVRISDUWLFOHVJLYHVULVHWRWKHUHFHQWO\GLVFRYHUHG
WRSRORJLFDOVSLQWUDQVSRUWRISDUWLFOHV>@ ([DPSOHVRIWKHWRSRORJLFDOVSLQWUDQVSRUWDUHWKH
 (PDLONBEOLRNK#PDLOUX
DQRPDORXVDQGVSLQ+DOOHIIHFWVLQVROLGV>@DQDORJRXVHIIHFWVIRUUHODWLYLVWLFHOHFWURQV>@DQG
WKH RSWLFDO 0DJQXV HIIHFW >@ %HFDXVH RI WKHVH SKHQRPHQD GLIIHUHQW SRODUL]DWLRQ VSLQ
VWDWHV RISDUWLFOHVSURSDJDWHDORQJVOLJKWO\GLIIHUHQWWUDMHFWRULHV
,Q WKH SUHVHQW SDSHU ZH DQDO\]H WKH HODVWLFLW\ HTXDWLRQV IRU LVRWURSLF VPRRWKO\
LQKRPRJHQHRXVPHGLD%DVHGRQWKHTXDQWXPPHFKDQLFDODSSURDFKRIWKH%HUU\JDXJHILHOGVZH
GHULYHWKHPRGLILHGHTXDWLRQVRIWKHJHRPHWULFDFRXVWLFVIRUORQJLWXGLQDODQGWUDQVYHUVHPRGHV
7KH SRODUL]DWLRQSKHQRPHQDLQWKHSURSDJDWLRQRIWKHWUDQVYHUVHDFRXVWLFZDYHVDUHFRPSOHWHO\
DQDORJRXVWRWKRVHLQRSWLFV7KDWLVWKH+DPLOWRQLDQRIWKHWUDQVYHUVHDFRXVWLFZDYHVFRQWDLQV
DQ DGGLWLRQDOSRODUL]DWLRQWHUPZKLFKFDQEHWUHDWHGDVWKHVSLQRUELWLQWHUDFWLRQRISKRQRQV,WLV
GXH WR WKH QRQWULYLDO %HUU\ JDXJH SRWHQWLDO FRQQHFWLRQ DQG ILHOG FXUYDWXUH LQ PRPHQWXP
VSDFH RI WKH WUDQVYHUVH DFRXVWLF ZDYHV $V LQ RSWLFV WKH %HUU\ JDXJH ILHOG KDV WKH IRUP RI
RSSRVLWHVLJQHG µPDJQHWLF PRQRSROHV¶ ORFDWHG DW WKH RULJLQ RI PRPHQWXP VSDFH DQG
FRUUHVSRQGLQJWRSKRQRQVZLWKRSSRVLWHKHOLFLWLHV,WJLYHVULVHWRWKH%HUU\SKDVHDQGWKH5\WRY
SRODUL]DWLRQ HYROXWLRQ ODZ DQG FDXVHV DQ DGGLWLRQDO HIIHFWLYH IRUFHZKLFK GHIOHFWV WKH UD\V LQ
RSSRVLWHGLUHFWLRQVGHSHQGLQJRQWKHLUSRODUL]DWLRQ7KHODWWHUSKHQRPHQRQLVDPDQLIHVWDWLRQRI
WKH WRSRORJLFDO VSLQ WUDQVSRUW RU VSLQ +DOO HIIHFW RI SKRQRQV :H VKRZ WKDW WKH PRGLILHG
JHRPHWULF DFRXVWLFV HTXDWLRQVREWDLQHGKHUHDUHFORVHO\ UHODWHG WR WKHFRQVHUYDWLRQRI WKH WRWDO
DQJXODUPRPHQWXPRIWUDQVYHUVHSKRQRQVDQGWKDWWKHWUDQVYHUVHSRODUL]DWLRQWUDQVSRUWFDQDOVR
DSSHDULQWKHUHIOHFWLRQRUUHIUDFWLRQRQDVKDUSERXQGDU\
 ,QLWLDOHTXDWLRQV
7KH OLQHDU HTXDWLRQV IRU WKH PRQRFKURPDWLF ZDYH ILHOG RI GLVSODFHPHQWV LQ DQ HODVWLF
LQKRPRJHQHRXVPHGLXPUHDG>@
  LM L
M
X5
V UZw   w  
ZKHUH X LV WKH WKUHHGLPHQVLRQDO GLVSODFHPHQW YHFWRU  U 5 LV WKH GHQVLW\ RI WKH PHGLXP
  ; < = 5 LV WKH UDGLXVYHFWRU WKH VXPPDWLRQ RYHU UHSHDWHG LQGLFHV LV XQGHUVWRRG DQG
LM LMNO N OD X 5V  w w LVWKHVWUDLQWHQVRUZKLFKLQDQLVRWURSLFPHGLXPWDNHVWKHIRUP
  LMNO LM NO LN MO LO MND OG G P G G G G    
+HUH  O 5 DQG  P 5 DUHWKH/DPHFRHIILFLHQWV6XEVWLWXWLQJ(TLQWR(TZHREWDLQ
       OQ OQ  M M ML LW W L
M M L M L M M M L
X X XX XP Q X P5 5 5 5 5 5 5 5 5
O P § ·w w ww ww w        ¨ ¸¨ ¸w w w w w w w w w© ¹  
+HUH WKHIROORZLQJTXDQWLWLHVDUHLQWURGXFHG
 WF P U    OF O P U      W O W O W OQ F F      W O W OF Z    

O W O
W O W
QP Q
§ · § ·  ¨ ¸ ¨ ¸© ¹ © ¹
 
 
 
ZKHUH W OF DUH WKH ORFDO SKDVH YHORFLWLHV RI WKH WUDQVYHUVH DQG ORQJLWXGLQDOZDYHV W OQ DUH WKH
ORFDO UHIUDFWLYH LQGLFHV RI WKH WUDQVYHUVH DQG ORQJLWXGLQDOZDYHVZLWK UHVSHFW WR VRPH µHWDORQ¶
KRPRJHQHRXVPHGLXPZLWK SDUDPHWHUV   W O W OF F  DQG  W O DQG W O DUH WKH GLYLGHG E\ S
ZDYHOHQJWKRI WKH WUDQVYHUVH DQG ORQJLWXGLQDOZDYHV LQ WKHHWDORQPHGLXPDQG LQ WKHPHGLXP
XQGHUFRQVLGHUDWLRQUHVSHFWLYHO\
:H LQWURGXFHWKHGLPHQVLRQOHVVGLIIHUHQWLDORSHUDWRURIWKHPRPHQWXPRIWKHZDYHDV
 WL w  wS 5  
,QZDYHSUREOHPVWKDWGRQRWFRQWDLQWKH3ODQFNFRQVWDQWH[SOLFLWO\LWLVPRUHFRQYHQLHQWWRXVH
D FKDUDFWHULVWLF ZDYHOHQJWK DV WKH ³ZDYH FRQVWDQW´ >@ 2SHUDWRU  REH\V VLPLODU WR WKH
TXDQWXPPHFKDQLFDOFRPPXWDWLRQUHODWLRQV
 >  @L M W LM5 S L G   
7DNLQJ(TLQWRDFFRXQWHTXDWLRQFDQEHZULWWHQLQWKHRSHUDWRUIRUP
 Ö +  X  
ZKHUH WKH PDWUL[ RSHUDWRU Ö+ KDV WKH PHDQLQJ RI WKH UHODWLYLVWLF +DPLOWRQLDQ RSHUDWRU DQG
HTXDOV
            ÖÖ Ö  W W+ S Q P 4 L 5ª º    ¬ ¼S 5 5 5 S S 5  
ZLWK
 LM L M4 S S   LM L M M L5 P D S E S   ES  
ZKHUH OQO D  OQ P E  DQGWKURXJKRXWWKHSDSHUDOOPDWUL[RSHUDWRUVDUHPDUNHGE\KDWV
ZKLOHVFDODUVZKHQWKH\DUHVXPPHGXSZLWKPDWULFHVDUHDVVXPHGWREHPXOWLSOLHGE\WKHXQLW
PDWULFHVRIWKHFRUUHVSRQGLQJUDQN(TXDWLRQV GHVFULEHWKHG\QDPLFVRIDPRQRFKURPDWLF
ILHOGRIGLVSODFHPHQWVLQDQLVRWURSLFLQKRPRJHQHRXVHODVWLFPHGLXP
 'LDJRQDOL]DWLRQRIHODVWLFLW\HTXDWLRQVLQVKRUWZDYHDSSUR[LPDWLRQ
:KHQWKHLQKRPRJHQHLW\RIDPHGLXPLVVPRRWKLHWKHFKDUDFWHULVWLFVSDFHVFDOH /  RI
WKH YDULDWLRQV RI SDUDPHWHUV LV ODUJH FRPSDUHG WR WKHZDYHOHQJWKV RQH FDQ XVH WKH JHRPHWULF
DFRXVWLFVDSSUR[LPDWLRQ DQDQDORJXHRI WKHJHRPHWULFRSWLFVRUVHPLFODVVLFDODSSUR[LPDWLRQV
>@ ZKLFKLVDQDV\PSWRWLFWKHRU\ZLWKUHVSHFWWRWKHVPDOOSDUDPHWHU
 H   PD[  W O/     
7R VROYHHTXDWLRQLQWKHILUVWOLQHDUDSSUR[LPDWLRQLQ H  ZHGLDJRQDOL]HRSHUDWRU
+Ö  (TV DQG  WRZLWKLQ H  ,W FDQ EH UHDGLO\ VHHQ WKDW WKH ILUVW WKUHH VXPPDQGV LQ WKH
+DPLOWRQLDQ  DUH RI WKH RUGHU RI XQLW\ ]HURRUGHU LQ H ZKHUHDV WKH ODVW VXPPDQG EHLQJ
SURSRUWLRQDOWRWKHZDYHOHQJWKDQGWRWKHJUDGLHQWVRIWKH/DPHFRHIILFLHQWVLVRIWKHRUGHURIH 
7R GLDJRQDOL]HWKH]HURRUGHUSDUWRI(TZHQRWHWKDWLWVQRQGLDJRQDOWHUPLVGHWHUPLQHGE\
WKH G\DGWHQVRU Ö4  S S  (TWKHVDPHWHQVRUWKDWGHWHUPLQHVWKHQRQGLDJRQDOSDUWRIWKH
0D[ZHOO HTXDWLRQV>@+HQFHLQWKH]HURDSSUR[LPDWLRQRSHUDWRUFDQEHGLDJRQDOL]HGE\
WKHXQLWDU\WUDQVIRUPDWLRQVLPLODUWRWKDWIRUWKHSKRWRQHOHFWULFILHOG>@
  Ö8 X S X  VLQ FRV FRV VLQ FRVÖ FRV FRV VLQ VLQ VLQ
 VLQ FRV
8
I T I T I
I T I T I
T T
§ ·¨ ¸ ¨ ¸¨ ¸© ¹
 
ZKHUH   S T I DUH WKH VSKHULFDO FRRUGLQDWHV LQ S VSDFH 7UDQVIRUPDWLRQ  LV D URWDWLRQ
   Ö 62  68 8    VXSHUSRVLQJ WKH GLUHFWLRQ RI = D[LV LQ 5 VSDFH DQG RI WKH FXUUHQW S
YHFWRU LQ S VSDFH VHH $SSHQGL[ $ ,QGHHG (T OHDGV WR WKH WUDQVIRUPDWLRQ RI WKH
+DPLOWRQLDQ Ö Ö Ö Ö Ö+ + 8 +8co   VRWKDWWKHWKLUGWHUPLQ(TEHFRPHVGLDJRQDO
 

  
Ö ÖÖ Ö   
 
4 8 48
S
§ ·¨ ¸c   ¨ ¸¨ ¸© ¹
 
DQG FRLQFLGHVZLWK(TLI [ \S S  DQG ]S S 
7KH GLDJRQDOL]DWLRQ WUDQVIRUPDWLRQ GRHV QRW FKDQJH WKH ILUVW VFDODU WHUP LQ (T EXW
WUDQVIRUPVWKHVHFRQGRQHGXHWRWKHQRQFRPPXWDWLYLW\(T7DNLQJ(TLQWRDFFRXQWZH
JHW VHH$SSHQGL[%
            Ö ÖÖ Ö Ö Ö       W W W W W8 Q 8 8 Q L 8 Q L Q§ · § ·w w    ¨ ¸ ¨ ¸w w© ¹ © ¹S 5 S S S $ 5 $S S     
ZKHUH
  ÖÖ Ö  8L8 w w$ S S 
LV DSXUHJDXJHQRQ$EHOLDQSRWHQWLDOLQGXFHGE\WKHORFDOJDXJHWUDQVIRUPDWLRQLQWKH S 
VSDFHVHH>@ZKLFKSURYLGHVWKH  68  JDXJHLQYDULDQFHRIWKHHTXDWLRQV$FFRUGLQJO\
WR WKH WKHRU\ RI JDXJH ILHOGV DQG WR WKH +DPLOWRQLDQ PHFKDQLFV 5 LQ (T UHSUHVHQWV
FDQRQLFDO RU JHQHUDOL]HG LQ WKH FODVVLFDO PHFKDQLFV FRRUGLQDWHV FRUUHVSRQGLQJ WR ³XVXDO´
GHULYDWLYHV  WL w wS  $W WKH VDPH WLPH WKH RSHUDWRUUÖ LV WKH RSHUDWRU RI WKH REVHUYDEOH LH
UHODWHG WR WKH FHQWHU RI WKH VHPLFODVVLFDO SDUWLFOH RU RI WKH ZDYH SDFNHW FRRUGLQDWHV WKDW
FRUUHVSRQG WRWKHFRYDULDQWGHULYDWLYHV
    Ö ÖÖ W W W W'L L'
w    wU $ 5 $S S     
0DWUL[FRRUGLQDWHV LUÖ FRPPXWH @ÖÖ>  ML UU  VLQFHWKHSRWHQWLDOLVDSXUHJDXJHRQHDQGWKH
]HURILHOGWHQVRUFRUUHVSRQGVWRLW>@6XEVWLWXWLRQRI(TLQWR(T\LHOGV
 Ö S$  
  
Ö   
  
L$ ST
§ ·¨ ¸ ¨ ¸¨ ¸© ¹

 FRV VLQ
Ö FRV  VLQ VLQ  
L$ SI
T T
TT T
 § ·¨ ¸ ¨ ¸¨ ¸© ¹

3RWHQWLDOLVUHSUHVHQWHGE\PHDQVRIDQWLV\PPHWULFKHUPLWLDQPDWULFHV JHQHUDWRUVRI 62  JURXSVHH$SSHQGL[$'XHWRLWVQRQGLDJRQDOLW\WKHVHFRQGWHUPLQWKH+DPLOWRQLDQ
DFTXLUHVQRQGLDJRQDOHOHPHQWVRIWKHRUGHURIH 
7KH ODVW PDWUL[ WHUPLQ WKH+DPLOWRQLDQKDVQRDQDORJXHLQWKH0D[ZHOOHTXDWLRQV
6LQFH LW LV RI WKH RUGHU RIH  WKH FRQWULEXWLRQ RI FRPPXWDWRUV  WR LW LV RI WKH RUGHU RI H 
$VVXPLQJWKDWWKHPRPHQWXPDQGFRRUGLQDWHVFRPPXWHZHREWDLQ

 
  
    

    VLQ
Ö Ö Ö Ö     VLQ
 VLQ VLQ
]
]
] ]
P
5 8 58 P S
PS
T
T
T T
§ ·u¨ ¸¨ ¸¨ ¸u u¨ ¸c   ¨ ¸¨ ¸u uu¨ ¸ ¨ ¸© ¹
D S
S D SES
S E SE S DS ES
  
7KXV DIWHU WKHGLDJRQDOL]DWLRQ WUDQVIRUPDWLRQ ZHREWDLQ WKHHTXDWLRQ Ö + c  X ZLWK
WKH +DPLOWRQLDQ
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ZKHUHWKHFRPSRQHQWVDUHGHWHUPLQHGE\(TVDQG
,QWKH]HURDSSUR[LPDWLRQLQ H ORFDOO\KRPRJHQHRXVPHGLXPRU]HURZDYHOHQJWKWKH
+DPLOWRQLDQHTXDOV
           ÖÖ  W+ S Q P 4c cª º   ¬ ¼S 5 5 5 S  
7KLV +DPLOWRQLDQLVGLDJRQDODQGGLIIHUHQWPRGHVDUHVHSDUDWHG&KDUDFWHULVWLFHTXDWLRQIRUWKHVH
PRGHV LV
  Ö  W+ c  N 5  
ZKHUHN LVWKHZDYHYHFWRU)URP(TVDQGLWIROORZVWKDWWKHILUVWWZROHYHOV
RI WKH+DPLOWRQLDQDUHGHJHQHUDWHG   4 4   DQGFRUUHVSRQGWRZDYHVZLWKGLVSHUVLRQ
WNFZ   LHWRWKHWUDQVYHUVHµRSWLFDO¶VKHDUZDYHVZLWK



X
X
§ ·¨ ¸ ¨ ¸¨ ¸© ¹
X

   6LPLODUO\WKHWKLUGOHYHORI
WKH V\VWHP 4 S  FRUUHVSRQGVWRWKHORQJLWXGLQDOFRPSUHVVLRQZDYHZLWK
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DQGZLWK
WKH GLVSHUVLRQ ONFZ   'RXEOH GHJHQHUDF\ RI WKH WUDQVYHUVH PRGHV LV WKH SRODUL]DWLRQ
GHJHQHUDF\WKHWUDQVYHUVHRVFLOODWLRQVZLWKGLIIHUHQWSRODUL]DWLRQVKDYHWKHVDPHGLVSHUVLRQLQD
KRPRJHQHRXVLVRWURSLFPHGLXP>@,QDQLQKRPRJHQHRXVPHGLXPWKHSRODUL]DWLRQGHJHQHUDF\
LV OLIWHG E\ WKH QRQ]HUR JUDGLHQWV RI WKH SDUDPHWHUV >@7KH OLIWLQJ RI WKH GHJHQHUDF\ FDQ EH
LQWHUSUHWHGLQWHUPVRIWKHVSLQRUELWLQWHUDFWLRQRISKRQRQVVHH>@
,Q WKHILUVWDSSUR[LPDWLRQLQH  WKH+DPLOWRQLDQWDNHVWKHIRUP
            ÖÖ Ö Ö  W W W+ + Q L 5c c c  S 5 S 5 5 $ S S 5    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
ZKHUHZHKDYH H[SDQGHG WKH VHFRQG WHUPRI(T LQD7D\ORU VHULHV7KHFRUUHFWLRQ WR WKH
+DPLWORQLDQ Ö+ c LQ(TLVQRQGLDJRQDO,WVXSSHUOHIW  u VHFWRUHOHPHQWVZLWKLQGLFHV
 DQGFRQWDLQVFRUUHFWLRQVWRWKHWUDQVYHUVHZDYHVDQGWKHORZHUULJKWHOHPHQWZLWK
LQGH[ LVWKHFRUUHFWLRQWRWKHORQJLWXGLQDOZDYHZKHUHDVWKHFURVVWHUPVZLWKLQGLFHV
 DQG  GHVFULEH FRXSOLQJ DQG WUDQVLWLRQV EHWZHHQ WKH WUDQVYHUVH DQG ORQJLWXGLQDO PRGHV
6LQFH WKH FURVV WHUPV DUH RI WKH RUGHU RI H  LW IROORZV IURP WKH DGLDEDWLFLW\ WKHRU\ WKDW WKHLU
FRQWULEXWLRQ WR WKH ZDYH HYROXWLRQ LV RI WKH RUGHU RI H  ,QGHHG IRU WKH WUDQVYHUVH DQG
ORQJLWXGLQDO ZDYHV WKHVH WHUPV JHQHUDWH WKH DSSHDUDQFH RI ORQJLWXGLQDO DQG WUDQVYHUVH
FRPSRQHQWV RI WKH ILHOG UHVSHFWLYHO\  aX H DQG   aX X H  >@ 7KH SUHVHQFH RI VXFK
FRPSRQHQWVLPSOLHVPLQRUFKDQJHVLQWKHSRODUL]DWLRQRIDJLYHQPRGHUDWKHUWKDQWKHH[FLWDWLRQ
RI RWKHU PRGH 7KH H RUGHU ORQJLWXGLQDO FRPSRQHQW FRQWULEXWHV RQO\ WR RUGHU H WR WKH
WUDQVYHUVH ILHOG FRPSRQHQWV DQG YLFH YHUVD 7KXV RQH FDQ QHJOHFW WKH FURVV WHUPV LQ WKH
+DPLOWRQLDQ>@ZKLFKOHDGVWRWKHEUHDNLQJRIJDXJHLQYDULDQFH    68  68  o u  $V
D UHVXOW WKH +DPLOWRQLDQ  DQG WKH ZDYH HTXDWLRQ Ö + c  X VHSDUDWH LQWR WZR LQGHSHQGHQW
SDUWV IRUWKHWUDQVYHUVHDQGORQJLWXGLQDOZDYHV
 Ö W+ A  X  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
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DQG Ö O$ ${   7KHWUDQVYHUVHVHFWRURIWKHSRWHQWLDO  
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FDQEHZULWWHQLQWKHVSKHULFDOFRRUGLQDWHVDV
 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
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LV LV WKH3DXOLPDWUL[7KH FRPSRQHQWV RI WKHSRWHQWLDO  FRPPXWHZLWK
RQH DQRWKHU DQG Ö W$ LV DQ$EHOLDQ 8 JDXJHSRWHQWLDO IURP  68  VHFWRU 7KHSRWHQWLDO LV
$EHOLDQGXHWRWKHIDFWWKDWWKHWUDQVYHUVHSKRQRQLVDPDVVOHVVSDUWLFOHLQJHQHUDOFDVHLWLVD
QRQ$EHOLDQ  68  SRWHQWLDO>@,WFDQEHWUDQVIRUPHGWRDGLDJRQDOIRUPE\DJOREDOXQLWDU\
WUDQVIRUPDWLRQ
 Ö9A  X \   Ö 9 L L
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ZKLFK KDV WKH PHDQLQJ RI WKH WUDQVLWLRQ WR WKH EDVLV RI FLUFXODUO\ SRODUL]HG ZDYHV LH WKH
KHOLFLW\EDVLV \\


§ · ¨ ¸© ¹\      X LX\ r   B >@ ,QZKDWIROORZVZHXVHRQO\WKHKHOLFLW\
EDVLV UHSUHVHQWDWLRQ DQG QRWDWLRQV RI Ö W+ DQG Ö W$ DUH UHODWHG WR WKLV UHSUHVHQWDWLRQ 8SRQ
WUDQVIRUPDWLRQ (T WKH +DPLOWRQLDQ  EHFRPHV GLDJRQDO LQ IDFW VSOLWV LQWR WZR
LQGHSHQGHQW+DPLOWRQLDQVGHVFULELQJWKHFLUFXODUO\SRODUL]HGZDYHVRIRSSRVLWHKHOLFLWLHV
 Ö W+  \              ÖÖ W WW W W W+ S Q Q L    S 5 5 5 $ S E 5 S   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
+HUH
    Ö Ö ÖFRW W WS T V V {$ $  
LV D GLDJRQDO SRWHQWLDO DQG   Ö  V
§ · ¨ ¸© ¹  (TXDWLRQ  SRVVHVVHV  68  JDXJH LQYDULDQFH
ZKLFKFDQEHDWWULEXWHGWRWKHVSLQRIRSWLFDOSKRQRQV+RZHYHUUHSUHVHQWDWLRQVKRZVWKDW
LQ IDFWZHDUHGHDOLQJZLWK VLQJOH 8 JDXJHSRWHQWLDO W$ DQG 8 JDXJH LQYDULDQFHRI WKH
HTXDWLRQVVHH$SSHQGL[$
$V VHHQIURPWKH+DPLOWRQLDQVDQGWKHWKLUGSURSRUWLRQDOWRWKHJUDGLHQW
RI WKHUHIUDFWLYHLQGH[ WQ  WHUPLQ(TOLIWVWKHGHJHQHUDF\RIWKHWUDQVYHUVHZDYHV7KLV
WHUP KDV WKH VDPH IRUP DV WKDW RI WKH VSLQRUELW LQWHUDFWLRQ RI HOHFWURQV DQG SKRWRQV LW LV D
SURGXFW RI WKH JUDG RI VFDODU SRWHQWLDO DQG WKH %HUU\ JDXJH SRWHQWLDO >@ 7KHUHIRUH    ÖÖ W62 W W+ Q   5 $ S LQ(TFDQEHUHJDUGHGDVWKHVSLQRUELWLQWHUDFWLRQRIWUDQVYHUVH
SKRQRQV LWFRXSOHVVSLQSRODUL]DWLRQDQGWUDQVODWLRQDOGHJUHHVRIIUHHGRP%HFDXVHRI 62+Ö  WKH
PHGLXPFDQEHFRQVLGHUHGDVDZHDNO\DQLVRWURSLFRQHZKHUHWKHFLUFXODUO\SRODUL]HGZDYHVDUH
LQGHSHQGHQWQRUPDOPRGHVH[DFWO\DVLVIRUSKRWRQV>@
7KH RSHUDWRU RI FRYDULDQW FRRUGLQDWHV (T DOVR EHFRPHV GLDJRQDO LQ WKH SUHVHQW
DSSUR[LPDWLRQ)RUORQJLWXGLQDODQGFLUFXODUWUDQVYHUVHZDYHVUHVSHFWLYHO\LWLV
 O  U 5   ÖÖ WW W U 5 $  
7KHVH DUH WKH RSHUDWRUV RI WKH FHQWHU RI ZDYH SDFNHW IRU WKH FRUUHVSRQGLQJPRGHV2EVHUYHG
FRRUGLQDWHVRI WKH WUDQVYHUVHO\SRODUL]HGZDYHSDFNHWFDQEHREWDLQHGE\TXDQWXPPHFKDQLFDO
FRQYROXWLRQRIRSHUDWRUZLWKWKHVWDWHYHFWRUVHHEHORZ6HFWLRQ
 %HUU\JDXJHILHOGDQGVSDFHQRQFRPPXWDWLYLW\
7KH WUDQVYHUVHZDYH VHFWRU RI WKH SRWHQWLDO   Ö W$  LV QR ORQJHU D SXUH JDXJH
SRWHQWLDO VLQFH DV ZLOO EH VKRZQ D QRQ]HUR ILHOG FRUUHVSRQGV WR LW ,W LV WKH %HUU\ JDXJH
SRWHQWLDO RU WKH %HUU\ FRQQHFWLRQ WKDW GHVFULEHV WKH SDUDOOHO WUDQVSRUW RI WKH YHFWRU RI
GLVSODFHPHQW)RUWKHFDVHRIWKHWUDQVYHUVHZDYHZHGHDOZLWKWKHWZRFRPSRQHQWYHFWRU 
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RUWKRJRQDOWRS  DQGDQDWXUDOSDUDOOHOWUDQVSRUWLQWKHSULQFLSDOILEHUEXQGOHRYHUWKHXQLWVSKHUH
RI WDQJHQWYHFWRUV  SS LQPRPHQWXPVSDFHFDQEHDVVRFLDWHGZLWKLW7KLVSDUDOOHOWUDQVSRUWLV
GHVFULEHG E\ DQ HIIHFWLYH YHFWRUSRWHQWLDO FRQQHFWLRQ DQG ILHOG FXUYDWXUH JHQHUDWHG E\ WKH
µPDJQHWLF PRQRSROH¶ LQ WKH RULJLQ RI S VSDFH >@ ,QGHHG WKH ILHOG FRUUHVSRQGLQJ WR WKH
SRWHQWLDOUHDGVLQ&DUWHVLDQFRRUGLQDWHV
 ÖÖ ÖW W NLM M LMN
L
S) $ HS S V
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
 LMNH LVWKHXQLWDQWLV\PPHWULFWHQVRU,WFDQDOVREHDVVRFLDWHGZLWKWKHYHFWRUILHOG W)Ö GXDOWR
WKH DQWLV\PPHWULFWHQVRU
  ÖÖ Ö ÖW W WS V V
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 
(TXDWLRQV  DQG D GHVFULEH WKH%HUU\ JDXJH ILHOG %HUU\ FXUYDWXUH RI WKH IRUP RI WZR
µPDJQHWLFPRQRSROHV¶RIRSSRVLWH VLJQV ORFDWHGDW WKHRULJLQRI S VSDFHZKLFKFRUUHVSRQG WR
ZDYHVRIRSSRVLWHKHOLFLWLHV7KLV%HUU\FXUYDWXUHLVDSDUWLFXODUFDVHRIWKH%HUU\JDXJHILHOGIRU
XOWUDUHODWLYLVWLFPDVVOHVVSDUWLFOHVZLWKZHOOGHILQHGKHOLFLW\V 
S
V V  S)  
2SWLFDOSKRQRQVDVZHOODVSKRWRQVKDYHKHOLFLWLHV V  r UHODWHGWRZDYHVRIULJKWKDQGDQG
OHIWKDQG FLUFXODU SRODUL]DWLRQV 2QH FDQ VD\ WKDW WKH KHOLFLW\ V  SURKLELWHG IRU SKRWRQV
FRUUHVSRQGV WRORQJLWXGLQDOZDYHVZKRVH%HUU\JDXJHILHOGYDQLVKHV
,W LVLPSRUWDQWWRQRWHWKDWQRQWULYLDOFRQQHFWLRQDQGFXUYDWXUHLQWKHILEHUEXQGOHRYHUS 
VSDFHGLUHFWO\UHODWHWRWKHQRQFRPPXWDWLYLW\RIFRYDULDQWFRRUGLQDWHVIRUWKHWUDQVYHUVHZDYHV
>@ (TXDWLRQVDQGWKHFRPPXWDWLRQUHODWLRQV\LHOG
  ÖÖ Ö>  @ WW W W LML MU U ) z  
$VLQWKHSKRWRQFDVH>@WKHQRQFRPPXWDWLYLW\RIWKHFRRUGLQDWHVFDQEHDWWULEXWHGWRWKHIDFW
WKDW DSKRQRQLQDKHOLFLW\VWDWHFDQQRWEHORFDOL]HG$OWKRXJKLQWKHVHPLFODVVLFDODSSUR[LPDWLRQ
ZHGHDOZLWKDVSHFLILFSRODUL]DWLRQLQWKHFHQWHURIWKHZDYHSDFNHWWKLVLVQRWDSXUHSRODUL]HG
VWDWH RI WKH ZKROH SDFNHW (YHQ LI WKH FHQWHU RI WKH ZDYH SDFNHW SRVVHVVHV SXUH FLUFXODU
SRODUL]DWLRQ WKH HGJHV RI WKH SDFNHW ZLOO EH HOOLSWLFDOO\ SRODUL]HG GXH WR WKH RUWKRJRQDOLW\
FRQGLWLRQVHH>@
 (YROXWLRQRIORQJLWXGLQDOZDYHV
&RQVLGHUWKHHYROXWLRQRIORQJLWXGLQDOZDYHVGHVFULEHGE\WKH+DPLOWRQLDQ:HILUVW
UHZULWH(TXVLQJ(TDV
  O+ X              OQ O O O O O O+ S Q L O Pª º    ¬ ¼S 5 5 S 5 5   
ZKHUH VLPLODUO\ WR (T ZH KDYH LQWURGXFHG WKH GLIIHUHQWLDO RSHUDWRU RI WKH PRPHQWXP
QRUPDOL]HGE\WKHORQJLWXGLQDOZDYHOHQJWK  O OL  w wS 5  7KHJHRPHWULFDORSWLFVDFRXVWLFV
DQVDW]     H[SO O OX L ª º $ )¬ ¼5 5  LQ(TDLQWKH]HURDQGILUVWDSSUR[LPDWLRQVLQ H LH
LQ O  \LHOGVUHVSHFWLYHO\>@
    O OQ)    
   OQ  O O O O OO Pª º) $   ) )   $  ¬ ¼  
(TXDWLRQLVWKHHLNRQDOHTXDWLRQIRU O)  ZKHUHDV(TLVWKHWUDQVSRUWHTXDWLRQIRUWKH
DPSOLWXGH O$ 
:H LQWURGXFH WKH ORFDO ZDYH YHFWRU O O O )N  DQG FRUUHVSRQGLQJ WR LW WKH
GLPHQVLRQOHVVPRPHQWXP O O O O) NW    7KHWUDQVLWLRQ oS W FRUUHVSRQGVWRWKHWUDQVLWLRQ
IURP WKHGLIIHUHQWLDOPRPHQWXPRSHUDWRU WR WKH µFODVVLFDO¶PRPHQWXPRI WKHSODQHZDYH7KH
HLNRQDO HTXDWLRQJLYHVWKHGLVSHUVLRQHTXDWLRQIRUWKHORQJLWXGLQDOZDYHV O OQ W  7DNLQJLWDQG
(T  LQWR DFFRXQW WKH WUDQVSRUW HTXDWLRQ  FDQ EH LQWHJUDWHG UHVXOWLQJ LQ WKH FRQWLQXLW\
HTXDWLRQ
   O OU $  F  
+HUH O O O OF F W W LV WKH ORFDO SKDVHYHORFLW\ YHFWRU(TXDWLRQ  HQVXUHV WKH FRQVHUYDWLRQRI
HQHUJ\IOX[LQWKHEHDPWXEH>@
7KHUD\VDUHWKHUHDOSDUWVRIWKHFKDUDFWHULVWLFVRIWKHZDYHHTXDWLRQ(TD7KHODVW
LPDJLQDU\WHUPLQWKH+DPLOWRQLDQDGRHVQRWFRQWULEXWHWRWKHUHDOUD\VLWDFFRXQWVRQO\IRU
YDULDWLRQV RI WKH DPSOLWXGH O$  WKHUHIRUH WKH\ FRLQFLGH ZLWK FKDUDFWHULVWLFV RI WKH HLNRQDO
HTXDWLRQ7KHODWWHUDUHGHVFULEHGE\WKH+DPLOWRQLDQHTXDWLRQVZLWKWKH+DPLOWRQLDQ
      O O O O O OQª º   ¬ ¼/ WW Y Y  
ZKHUHWKHFRHIILFLHQWLVLQWURGXFHGIRUWKHFRQYHQLHQFH)RUWKHORQJLWXGLQDOZDYHV O { 5Y 
(T 7KHFDQRQLFDOHTXDWLRQVIRU(TDUHWKHVWDQGDUGUD\HTXDWLRQVRIWKHJHRPHWULFDO
RSWLFVRUDFRXVWLFV>@
    F F F F 
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+HUH OV LV WKH UD\ SDUDPHWHU FRQQHFWHG ZLWK WKH UD\ OHQJWK O DV O OGO Q GV  6ROXWLRQV RI
(TV   FO OVW   FO OVY  UHSUHVHQW UD\V LH WKH WUDMHFWRULHV DORQJ ZKLFK WKH FHQWHUV RI
VHPLFODVVLFDOZDYHSDFNHWVPRYHLQWKHSKDVHVSDFH  O OW Y 
 (YROXWLRQRIWUDQVYHUVHZDYHV
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DFRXVWLFV DQVDW] WDNHV WKH IRUP      H[SW W WL ª º $ )¬ ¼H 5 5 5\  ZKHUH WKH XQLW YHFWRU RI
SRODUL]DWLRQ HH


§ · ¨ ¸© ¹H 
  H H  LV LQWURGXFHG ,Q WKH ]HUR DSSUR[LPDWLRQ LQ H LH LQ W  ZH
REWDLQWKHHLNRQDOHTXDWLRQ
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ZKHUHDV WKH WHUPV RI WKH ILUVW RUGHU LQ (T  JLYH ULVH WR WZR HTXDWLRQV GHVFULELQJ WKH
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
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+HUH VLPLODUO\ WR WKH SUHYLRXV 6HFWLRQ W W W W) NW    DQG IURP QRZ RQ WKH %HUU\ JDXJH
SRWHQWLDODQGILHOGDUHFRQVLGHUHGLQWKH WW VSDFH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
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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>@
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ZKHUH W W W WF F W W LVWKHSKDVHYHORFLW\YHFWRU
3RODUL]DWLRQHYROXWLRQDQG%HUU\SKDVH3RODUL]DWLRQHYROXWLRQHTXDWLRQDQGWKH
UD\ HTXDWLRQVDUHFORVHO\FRQQHFWHGZLWKHDFKRWKHU7KH\UHSUHVHQWWKHHTXDWLRQVRIPRWLRQIRU
WKH WUDQVODWLRQDO DQG LQWULQVLF VSLQ GHJUHHV RI IUHHGRP UHVSHFWLYHO\ >@ ,Q WKH ]HUR
DSSUR[LPDWLRQLQ H  WKHUD\HTXDWLRQVIROORZIURPWKHHLNRQDOHTXDWLRQDQGKDYHWKHIRUP
FRPSOHWHO\VLPLODUWR(T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PRPHQWXP WW VSDFH  ^ `FW W W& V  W W  ([SUHVVLRQ  VKRZV WKDWZDYHVRI WKH ULJKWKDQG
DQG OHIWKDQGFLUFXODUSRODUL]DWLRQVDFTXLUHDGGLWLRQDOSKDVHVXSRQWKHHYROXWLRQWKDWDUHHTXDO
LQ WKHDEVROXWHYDOXHVEXWDUHRIRSSRVLWHVLJQV F  F ÖH[S %L Vª º 4¬ ¼H H  RU
 FF
F F
HH
H H
%
%
L
L
H
H
4 
  4 
§ ·§ · ¨ ¸ ¨ ¸ ¨ ¸© ¹ © ¹
 
7KH SKDVH  % % W W
&
& G4  4  ³( W LVWKH%HUU\JHRPHWULFDOSKDVHVLPLODUWRWKDWRIOLJKWDQGLV
GHWHUPLQHG E\ WKH FRQWRXU LQWHJUDO RI WKH%HUU\ JDXJH SRWHQWLDO LQ WW VSDFH )URP(T LW
IROORZV FRPSDUHZLWK>@
 FRV% W W
& &
G G- M4   ³ ³( W  
ZKHUH   W - MW DUHWKHVSKHULFDOFRRUGLQDWHVLQWKH WW VSDFH
,I D F\FOLF HYROXWLRQ WDNHV SODFH LQ WW VSDFH LH WKH FRQWRXU & LV D ORRS WKH FRQWRXU
LQWHJUDO FDQEH UHGXFHG WRD VXUIDFHRQHDQG WKH%HUU\SKDVH LVGHWHUPLQHGE\ WKH IOX[RI WKH
%HUU\ JDXJHILHOGRIWKHµPDJQHWLFPRQRSROH¶(TV 
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+HUH 6 LV D VXUIDFH VWUDLQHG RQ WKH ORRS & & 6 w  DQG : LV WKH VROLG DQJOH DWZKLFK WKH
VXUIDFHLVVHHQIURPWKHRULJLQRI WW VSDFH

,W IROORZV IURP(T WKDW IRU DQ DUELWUDU\ HOOLSWLFSRODUL]DWLRQRI WKHZDYH WKH%HUU\
SKDVH FDXVHV WKH URWDWLRQ RI WKH SRODUL]DWLRQ HOOLSVH DW WKH DQJOH %4  7KLV URWDWLRQ ZDV
GHVFULEHGE\5\WRY>@DQGZDVGHWHFWHGIRUHOHFWURPDJQHWLFZDYHVLQWKHH[SHULPHQWVE\5RVV
DQG E\7RPLWDDQG&KLDR>@7KH%HUU\SKDVHLVQRQ]HURXSRQF\FOLFHYROXWLRQLIWKHUD\LVD
QRQIODW FXUYH HJ DKHOL[ ,Q IDFW WKHSRODUL]DWLRQHOOLSVH URWDWHV LQDFFRUGDQFH WR WKH/HYL
&LYLWDSDUDOOHOWUDQVSRUWODZDORQJWKHFXUYHGUD\LQ'VSDFH>@
1RWH WKDWWKHTXDQWLW\     F F  F F FÖ H H V V      H H LVFRQVHUYHGXSRQWKHHYROXWLRQRI
WKH SRODUL]DWLRQYHFWRU(T
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7KLVUHIOHFWVWKHIDFWWKDWKHOLFLW\LVDQDGLDEDWLFLQYDULDQWLQWKHHYROXWLRQRIPDVVOHVVSDUWLFOHV,W
LV QDWXUDO WR UHIHU WR FV DV WKH ³PHDQKHOLFLW\´RU WKH³GHJUHHRIKHOLFLW\´ LQ WKHFHQWHURI WKH
ZDYHSDFNHW
5D\ HTXDWLRQV DQG WRSRORJLFDO VSLQ WUDQVSRUW RI SKRQRQV 5D\ HTXDWLRQV DUH WKH
HTXDWLRQVRIFKDUDFWHULVWLFVSURMHFWHGRQWKHUHDOSKDVHVSDFHRI(T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7KHODVWLPDJLQDU\
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 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 GRHV FRQWULEXWH WR WKH
FKDUDFWHULVWLFVRIWKHZDYHHTXDWLRQGHVSLWHLWVVPDOOQHVVRIWKHRUGHURI H  $VDUHVXOWWKHUD\V
RI WUDQVYHUVHDFRXVWLFZDYHVDUHGHVFULEHGE\WKH+DPLOWRQLDQ
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DUH QRWJDXJH LQYDULDQW WKHLU IRUPGHSHQGVRQ WKH FKRLFHRIJDXJH IRU WKHSRWHQWLDO Ö W(  DQG
KHQFH FDQ QRW GHVFULEH UHDO UD\V2Q WKH RWKHU KDQG LQ WKH FRYDULDQW FRRUGLQDWHV ÖWY  ZH JHW D
JDXJHLQYDULDQWPDWUL[RSHUDWRUHTXDWLRQV>@ ZKLFKLQWKHILUVWDSSUR[LPDWLRQLQH UHDG
  F FÖ ÖW W WQ W Y 
 
 F F
F F  F F F  
F
ÖÖ ÖÖ ÖW W WW W W W W W
W
Vu  u      W WY W - W W W  
ZKHUH  F FÖ ÖW W W{- - W DQGWKH H RUGHUWHUPKDGEHHQFDOFXODWHGRQWKH]HURDSSUR[LPDWLRQUD\
7KHVHHTXDWLRQVDUHJDXJHLQYDULDQWZLWKUHVSHFWWR  68  JDXJHWUDQVIRUPDWLRQVUHODWHGWRWKH
LQLWLDO GRXEOH GHJHQHUDF\ RI WKH OHYHO DQG GHVFULEH WKH WUDMHFWRU\ RI WKH ZDYH SDFNHW FHQWHU
(TXDWLRQVFDQDOVREHGHULYHGDVDVHPLFODVVLFDOOLPLWRIWKH+HLVHQEHUJTXDQWXPHTXDWLRQV
RI PRWLRQIRUS DQG ÖWU >@RUIURPFODVVLFDOPHFKDQLFVFRQVLGHUDWLRQV>@,QWKHIRUPHU
FDVHWKHSRODUL]DWLRQWHUPUHODWHGWRWKH%HUU\JDXJHILHOGDSSHDUVGXHWRWKHQRQFRPPXWDWLYLW\
RI FRRUGLQDWHV ÖWU  (T(TXDWLRQVDUHHTXDWLRQVIRUPDWUL[RSHUDWRUVDQGLQRUGHUWRILQG
WKH UHDO SK\VLFDO WUDMHFWRULHV UD\V RQH KDV WR PDNH D TXDQWXPPHFKDQLFDO FRQYROXWLRQ RI
RSHUDWRUVZLWKWKHSRODUL]DWLRQYHFWRURIWKHZDYH,QVRGRLQJZHREWDLQ
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(TXDWLRQVLVRQHRIWKHFHQWUDOUHVXOWVRIWKHSUHVHQWSDSHU$QDORJRXVHTXDWLRQVKDYH
EHHQ SUHYLRXVO\ GHULYHG IRU WKH HYROXWLRQ RI YDULRXV TXDQWXP SDUWLFOHV ZLWK VSLQ HOHFWURQV
SKRWRQV TXDVLSDUWLFOHV LQ VROLGV HWF >@ (TXDWLRQV  GLIIHU IURP WKH WUDGLWLRQDO UD\
HTXDWLRQVRIWKHJHRPHWULFDORSWLFVDQGDFRXVWLFV(TVE\WKHDGGLWLRQDOSRODUL]DWLRQWHUP
SURSRUWLRQDOWRWKHZDYHOHQJWK W  6LQFHLWFRQWULEXWHVWRWKHHTXDWLRQIRUWKHµYHORFLW\¶ FWY  LWLV
IUHTXHQWO\UHIHUUHGWRDV WKH³DQRPDORXVYHORFLW\´>@7KLV WHUPKDVWKHIRUPRIWKHµ/RUHQW]
IRUFH¶FDXVHGE\ WKHµPDJQHWLFPRQRSROH¶ ORFDWHGDW WKHRULJLQRIPRPHQWXPVSDFH7KXV WKH
%HUU\ JDXJH ILHOG UHYHDOV LWVHOI DV EHLQJ FRPSOHWHO\ VLPLODU WR WKH PDJQHWLF ILHOG EXW LQ
PRPHQWXPVSDFHUDWKHUWKDQLQFRRUGLQDWHVSDFH,QWKLVUHVSHFWWKH%HUU\SKDVHLVDQDQDORJXH
RI WKH'LUDFSKDVH$KDURQRY%RKP HIIHFWZKHUHDVWKHDGGLWLRQDOWHUPLQWKHUD\HTXDWLRQVRI
PRWLRQ LV DQ DQDORJXH RI WKH /RUHQW] IRUFH ,W VKRXOG EH QRWHG WKDW WKH SRODUL]DWLRQ WHUP LQ
(T LVGLUHFWO\FRQQHFWHGWRWKH%HUU\SKDVH(TV LWLVWKH%HUU\SKDVHWKDWVKLIWV
WKH SKDVHIURQWRIWKHZDYHDQGFKDQJHVFKDUDFWHULVWLFVRIWKHZDYHHTXDWLRQ>@7KHUHDVRQZK\
WKH DGGLWLRQDOWHUPLQ(TKDGEHHQXQQRWLFHGLQJHRPHWULFDORSWLFVDQGDFRXVWLFVIRUDORQJ
WLPH LV WKDW WKDW WKH UD\V ZHUH DVVRFLDWHG ZLWK WKH FKDUDFWHULVWLFV RI WKH HLNRQDO ]HUR
DSSUR[LPDWLRQHTXDWLRQ ZKLOH WKHFKDUDFWHULVWLFVRI WKH LQLWLDOZDYHHTXDWLRQGLIIHU IURP
WKHPLQFRQWUDVWWRWKHFDVHRIORQJLWXGLQDOZDYHVDOUHDG\LQWKHILUVWRUGHULQH 
7KH UHPDUNDEOHIHDWXUHRIWKHQHZWHUPLQ(TVLVLWVGHSHQGHQFHRQWKHSRODUL]DWLRQ
RI WKH ZDYH 7KLV PHDQV WKDW WKH UHIUDFWLRQ RI WUDQVYHUVH ZDYHV EHFRPHV GHSHQGHQW RQ WKHLU
SRODUL]DWLRQ,QSDUWLFXODU WKHFLUFXODUO\SRODUL]HGZDYHVRIRSSRVLWHKHOLFLWLHVVKLIW LQRSSRVLWH
GLUHFWLRQV RUWKRJRQDOO\ WR WKH ZDYH PRPHQWXP )RU TXDQWXP SDUWLFOHV WKLV SKHQRPHQRQ LV
WUHDWHGDVWKHDSSHDUDQFHRIWKHVSLQFXUUHQWZKLFKLVRUWKRJRQDOWRWKHGLUHFWLRQRIWKHSDUWLFOH
PRWLRQDQGWRWKHH[WHUQDODSSOLHGIRUFH7KHUHIRUHWKHHIIHFWLVFDOOHGWKHLQWULQVLFVSLQ+DOO
HIIHFW 7KXV HTXDWLRQV  GHVFULEH WKH LQWULQVLF VSLQ +DOO HIIHFW RU WKH WRSRORJLFDO VSLQ
WUDQVSRUWRIRSWLFDOSKRQRQV
6LQFH WKHSRODUL]DWLRQFRUUHFWLRQLQ(TLVVPDOOWKHSHUWXUEDWLRQPHWKRGIRUUD\V>@
FDQ EH HYRNHG 7KH ILUVWRUGHU SHUWXUEDWLRQV  F F F FW W W WVG V  W W W   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,Q WKHLPSRUWDQWVSHFLDOFDVH F WG {W  WKHVHFRQGHTXDWLRQLQFDQEHLPPHGLDWHO\LQWHJUDWHG
>@ 7KLV OHDGV WR WKH H[SUHVVLRQ IRU WKH GHIOHFWLRQ RI UD\ FWG Y  LQ WKH IRUP RI D FRQWRXU
LQWHJUDOLQWKH WW VSDFH
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$OWKRXJKWKHGHIOHFWLRQLVSURSRUWLRQDOWRWKHZDYHOHQJWKLWFDQEHODUJHEHFDXVHRILWVQRQ
LQWHJUDELOLW\ DQG OHDG WR REVHUYDEOH SKHQRPHQD VHH RSWLFDO H[DPSOHV LQ >@ )RU FORVHG
WUDMHFWRULHVLQ WW VSDFHWKHGHIOHFWLRQFDQEHH[SUHVVHGE\PHDQVRIWKH%HUU\SKDVH>@
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$V DQH[DPSOHWKHUD\WUDMHFWRULHVRIWUDQVYHUVHZDYHVRIULJKWKDQGDQGOHIWKDQGFLUFXODU
SRODUL]DWLRQV LQ D F\OLQGULFDOO\ V\PPHWULF ZDYHJXLGH PHGLXP DUH VKRZQ LQ )LJ  6LQFH WKH
RSWLFDO DQG DFRXVWLF UD\ HTXDWLRQV DUH LGHQWLFDO WKH FDOFXODWLRQV IRU WKH WUDMHFWRULHV RI UD\V LQ
RSWLFDOJUDGLHQWLQGH[ZDYHJXLGHV>@FDQEHDSSOLHGWRWKHUHVSHFWLYHDFRXVWLFSUREOHP

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)LJ 5D\V RI ULJKKDQG ©ª DQG OHIWKDQG ©ª FLUFXODU SRODUL]DWLRQV LQ D
ZDYHJXLGHVPRRWKO\LQKRPRJHQHRXVPHGLXPZLWKF\OLQGULFDOV\PPHWU\3LFWXUH 
VKRZV WKH HQG YLHZ IRU WKH UD\VSURSDJDWLQJ DORQJ WKHZDYHJXLGH D[LV SLFWXUH E
GLVSOD\V WKH UD\V SURSDJDWLQJ DFURVV WKH ZDYHJXLGH DQG FRUUHVSRQGLQJ WR WKH
ZKLVSHULQJJDOOHU\PRGHV7KH]HURDSSUR[LPDWLRQUD\VDUHGHSLFWHGE\EROGOLQHVLQ
ERWK SLFWXUHV
 &RQVHUYDWLRQRIWRWDODQJXODUPRPHQWRISKRQRQV
,WLVLPSRUWDQWWRQRWHWKDWWKH%HUU\JDXJHILHOGQRQFRPPXWDWLYLW\RIFRRUGLQDWHVDQGWKH
GHULYHG UD\ HTXDWLRQV  DUH FORVHO\ FRQQHFWHG WR WKH FRQVHUYDWLRQ RI WKH WRWDO DQJXODU
PRPHQWXPRI WKH WUDQVYHUVHDFRXVWLFZDYHRSWLFDOSKRQRQV7KH WRWDODQJXODUPRPHQWXPRI
SKRQRQZKLFKFRQVLVWVRIWKHRUELWDODQGVSLQSDUWVFDQEHZULWWHQLQXQLWV W   =  DV>@
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
:H DVVXPHWKDWWKHRUELWDODQJXODUPRPHQWXPLVGHWHUPLQHGRQO\E\WKHPRWLRQRIWKHFHQWHURI
SKRQRQ LHLWGRHVQRWFDUU\DQ\RUELWDODQJXODUPRPHQWXPUHODWLYHWRWKHFHQWHU>@7DNLQJ
(TV  DQG  LQWR DFFRXQW WKH GHULYDWLYH RI WKH WRWDO DQJXODU PRPHQWXP DORQJ WKH UD\
HTXDOV
 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W W W W W W W
W W W W W W W
W
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
7KH ILUVW DQG WKH WKLUG WHUPV LQ (T DUH FDQFHOHG GXH WR WKH SRODUL]DWLRQ WHUP LQ WKH UD\
HTXDWLRQV)URP(TLWIROORZVWKDWLQDVSKHULFDOO\V\PPHWULFPHGLXP    W W W WQ Q Y Y 
DQG   F FW WQ &Y Y  WKHWRWDODQJXODUPRPHQWXPRIWKHWUDQVYHUVHDFRXVWLFZDYHLVFRQVHUYHGDQG
UHSUHVHQWV DQ LQWHJUDO RI PRWLRQ  M  ,Q D F\OLQGULFDOO\ V\PPHWULF PHGLXP
     W W W W W WQ Q Y _ ` a  WKH LQWHJUDO RI PRWLRQ LV WKH ] FRPSRQHQW RI WKH WRWDO DQJXODU
PRPHQWXP ]M    7KXV LW LV WKHSRODUL]DWLRQWHUPLQWKHUD\HTXDWLRQVWKDWSURYLGHVWKHFRQVHUYDWLRQRIWKHWRWDODQJXODUPRPHQWXPRIWKHWUDQVYHUVHZDYHV$GHWDLOHGFRQVLGHUDWLRQRI
WKH FRQQHFWLRQ EHWZHHQ WKH DQJXODU PRPHQWXP DQG WKH LVVXHV GLVFXVVHG %HUU\ SKDVH
WRSRORJLFDOVSLQWUDQVSRUWDQGORFDOL]DELOLW\IRUSKRWRQVFDQEHIRXQGLQ>@

 7UDQVYHUVH)HGRURY,PEHUWVKLIW
$QRWKHU H[DPSOH RI WUDQVYHUVH SRODUL]DWLRQ WUDQVSRUW WDNHV SODFH LQ PHGLD ZLWK VKDUS
LQKRPRJHQHLWLHVZKLFKFRUUHVSRQGVWRWKHOLPLWH of  ,WLVNQRZQLQRSWLFVWKDWDZDYHSDFNHW
RU D EHDP UHIOHFWHG RU UHIUDFWHG IURP D IODW LQWHUIDFH EHWZHHQ WZR KRPRJHQHRXV PHGLD
H[SHULHQFHV D VPDOO SRODUL]DWLRQGHSHQGHQW WUDQVYHUVH VKLIW7KLV LV FDOOHG WKH)HGRURY,PEHUW
VKLIW DQG LW KDV EHHQ GHVFULEHG WKHRUHWLFDOO\ DQG PHDVXUHG H[SHULPHQWDOO\ >@
$QDORJRXVO\WRWKHWRSRORJLFDOVSLQWUDQVSRUWLQVPRRWKO\LQKRPRJHQHRXVPHGLDXSRQVFDWWHULQJ
DW DVKDUSLQWHUIDFHWKHFHQWHURIWKHZDYHSDFNHWLVVKLIWHGIURPWKHSODQHRILQFLGHQFHZLWKWKH
GLVSODFHPHQWSURSRUWLRQDO WR WKHPHDQKHOLFLW\RI WKH LQFLGHQWZDYH7KH)HGRURY,PEHUWVKLIW
DOVR UHODWHVGLUHFWO\WRWKHFRQVHUYDWLRQRIWRWDODQJXODUPRPHQWXP>@
+HUH ZHFRQVLGHUWKHUHIOHFWLRQRIDPRQRFKURPDWLFDFRXVWLFZDYHSDFNHWRUEHDPIURPD
SODQH ERXQGDU\ EHWZHHQ DQ LVRWURSLF KRPRJHQHRXVPHGLXP DQG WKH YDFXXP ,I WKH ] D[LV LV
RUWKRJRQDO WR WKHERXQGDU\ WKH ] FRPSRQHQWRI WKH WRWDO DQJXODUPRPHQWXPRIZDYHV -  LV
FRQVHUYHG FRQVW]-   :KHQ WKH ZDYH SDFNHW LV FRPSRVHG RI 1 SKRQRQV LWV WRWDO DQJXODUPRPHQWXP LV JLYHQ E\ 1 - M  ZKHUH M LV GHILQHG E\ (T IRU WUDQVYHUVH ZDYHV DQG

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Y W IRU ORQJLWXGLQDOZDYH SDFNHW WKDW GRHV QRW FDUU\ VSLQ DQJXODUPRPHQWXP7KH
UHIOHFWLRQ RI DFRXVWLF ZDYHV UHSUHVHQWV WZRFKDQQHO VFDWWHULQJ EHFDXVH WKHUH DUH WZR SDFNHWV
WUDQVYHUVHDQGORQJLWXGLQDOLQWKHUHIOHFWHGILHOG>@,IWKHHQHUJ\UHIOHFWLRQFRHIILFLHQWVLQWKH
WZR FKDQQHOV LH WKH QXPEHU RI SKRQRQV UHIOHFWHG LQ HDFK RQH DUH W9 DQG O9  UHVSHFWLYHO\
 W O  9 9 WKHQWKHFRQVHUYDWLRQODZ  W O] ] ]- - -   \LHOGV>@
  W W O O] ] ]M M M 9 9  
)URP KHUH RQ WKH VXEVFULSWV   W  DQG O GHQRWH TXDQWLWLHV UHODWHG WR WKH LQFLGHQW WUDQVYHUVH
UHIOHFWHGDQGORQJLWXGLQDOUHIOHFWHGZDYHVUHVSHFWLYHO\,IWKHUHDUHPRUHWKDQWZRFKDQQHOVLQ
WKH V\VWHP IRU H[DPSOH WZR UHIOHFWHG DQG WZR UHIUDFWHGZDYHV WKH FRQVHUYDWLRQ ODZ IRU ]-WDNHVWKHIRUPVLPLODUWR(TZLWKWKHFRUUHVSRQGLQJQXPEHURIWHUPVRQWKHULJKWKDQGVLGH
,Q WKH VHPLFODVVLFDO DSSUR[LPDWLRQZKHQ WKH FKDUDFWHULVWLFGLPHQVLRQVRI WKHZDYHSDFNHWDUH
PXFK ODUJHUWKDQWKHZDYHOHQJWKWKHUHIOHFWLRQFRHIILFLHQWV W9 DQG O9  DUHLQIDFWWKHUHIOHFWLRQ
FRHIILFLHQWVRIWKHFHQWUDOSODQHZDYHLQWKHSDFNHW7KXVZKHQWKHSUREOHPRIWKHUHIOHFWLRQRID
VHPLFODVVLFDO ZDYH SDFNHW LV FRQVLGHUHG WKH FRQVHUYDWLRQ ODZ  FRQWDLQV RQO\ VWDQGDUG
FKDUDFWHULVWLFVRIWKHSODQHZDYHUHIOHFWLRQZKLFKFDQEHHDVLO\FDOFXODWHG
8QLW FHQWUDO SRODUL]DWLRQ YHFWRU FH IRU WKH WUDQVYHUVHZDYH FDQ EH SDUDPHWHUL]HG E\ WKH
VLQJOH FRPSOH[ QXPEHU F   F    LLF FF§ · ¨ ¸© ¹H >@  F LV D UDWLR RI WKH FRPSOH[
FRPSRQHQWV RI WKH GLVSODFHPHQW RUWKRJRQDO WR WKH SODQH RI SURSDJDWLRQ DQG RI WKH LQSODQH
FRPSRQHQWV 7KHQ F ,P
FV F  DQG WKH ] FRPSRQHQW RI WKH WRWDO DQJXODU PRPHQWXP RI D
VLQJOH WUDQVYHUVHSKRQRQ(TEHFRPHV
 F  F ,P] W[ ]M
F
F '  W W  
ZKHUH F'  ` LVWKHVKLIWRIWKHFHQWHURIJUDYLW\RIWKHZDYHSDFNHWDORQJ \ D[LV
)RU D WUDQVYHUVH HOOLSWLFDOO\ SRODUL]HG LQFLGHQW ZDYH SDFNHW ZLWK FHQWUDO SRODUL]DWLRQ F 
XVLQJWKHDFRXVWLF)UHVQHOUHIOHFWLRQFRHIILFLHQWV>@RQHFDQGHULYH
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ZKHUH WF FKDUDFWHUL]HVWKHFHQWUDOSRODUL]DWLRQRIWKHUHIOHFWHGWUDQVYHUVHZDYHSDFNHW J LVWKH
DQJOH RILQFLGHQFHRIWKHWUDQVYHUVHZDYH OJ LVWKHDQJOHRIUHIOHFWLRQRIWKHORQJLWXGLQDOZDYH
GHWHUPLQHG E\ WKH 6QHOO¶V ODZ FRQVHUYDWLRQ ODZ IRU WKH [ FRPSRQHQW RI WKH PRPHQWXP
F FRQVW[  W  VLQ VLQOO
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DUH WKH)UHVQHOFRHIILFLHQWV
6XEVWLWXWLQJ(TV LQWR(TZHREWDLQ
   F  FRW W W O O W 5V J'  '   9 9  
+HUH W' DQG O' DUHWKHWUDQVYHUVHVKLIWVRIWKHUHIOHFWHGEHDPVDQG  '   (TXDWLRQVKRZV
WKDW DWOHDVWRQHRIWKHUHIOHFWHGZDYHSDFNHWVGRHVH[SHULHQFHWKHWUDQVYHUVHVKLIWSURSRUWLRQDOWR
WKH KHOLFLW\ RI WKH LQFLGHQWZDYH SDFNHW FV  8QIRUWXQDWHO\ WKH VLQJOH FRQVHUYDWLRQ ODZ 
LVQRWVXIILFLHQWIRUWKHGHWHUPLQDWLRQRIWZRXQNQRZQVKLIWVLQWKHWZRFKDQQHOVFDWWHULQJ
>@7RGHWHUPLQHWKHH[SOLFLWH[SUHVVLRQVIRU W O'  RQHKDVWRVROYHDFRPSOH[SUREOHPRIWKH
UHIOHFWLRQRI WKHSDUWLFXODUZDYHSDFNHW WDNLQJ LQWRDFFRXQW LWVVSHFWUDOVWUXFWXUH VHHHJ >@
DQG SDSHUE\1DVDOVNLLQ>@
,W LVZRUWKQRWLQJWKDWWKHUD\HTXDWLRQVLQDVPRRWKO\LQKRPRJHQHRXVPHGLXP(TV
FDQ DOVREHGHULYHGLPPHGLDWHO\IURPWKHH[SUHVVLRQIRUWKHWUDQVYHUVHVKLIWLQWKHUHIUDFWLRQRQ
WKH LQWHUIDFHEHWZHHQ WZRPHGLDZLWKDZHDNFRQWUDVWRI WKH UHIUDFWLYH LQGLFHV WQG  ,QVXFKD
FDVH WKH WUDQVYHUVHZDYH LV DOPRVW FRPSOHWHO\ WUDQVIRUPHG LQWR WKH UHIUDFWHG WUDQVYHUVHZDYH
LH DRQHFKDQQHOVFDWWHULQJWDNHVSODFHDQGWKHFRQVHUYDWLRQRIWKHQRUPDOFRPSRQHQWRIWKH
WRWDO DQJXODU PRPHQWXP HQDEOHV RQH WR ILQG VPDOO WUDQVYHUVH VKLIW RI LWV FHQWHU
 WDQWW F W
W
Q
Q
GV J' |   7KHWUDQVLWLRQIURPVPDOOYDOXHVWRGLIIHUHQWLDOVLQWKLVSUREOHPJLYHVWKH
UHTXLUHG HTXDWLRQV  VHH >@ 7KLV IDFW HPSKDVL]HV WKH FRPPRQ QDWXUH RI WKH WZR
SRODUL]DWLRQWUDQVSRUWSKHQRPHQDUHODWHGWRWKHRSSRVLWHOLPLWV H o DQGH of 
&RQFOXVLRQV
:H KDYH FDUULHG RXW D VHPLFODVVLFDO DQDO\VLV RI WKH HYROXWLRQ RI PRQRFKURPDWLF OLQHDU
DFRXVWLF ZDYHV LQ D VPRRWKO\LQKRPRJHQHRXV LVRWURSLF PHGLXP 7KH PRGLILHG JHRPHWULFDO
DFRXVWLFV KDV EHHQ GHYHORSHG ZKLFK DFFRXQWV IRU WKH FRXSOLQJ EHWZHHQ SRODUL]DWLRQ DQG
WUDQVODWLRQDOGHJUHHVRIIUHHGRPRIWKHWUDQVYHUVHZDYHVLHWKHVSLQRUELWLQWHUDFWLRQRIRSWLFDO
SKRQRQV6LPLODUWRHOHFWURQVSKRWRQVHWFWKHVSLQRUELWLQWHUDFWLRQRISKRQRQVGLUHFWO\UHODWHV
WR WKH%HUU\JDXJHSRWHQWLDOFRQQHFWLRQGHVFULELQJSDUDOOHOWUDQVSRUWLQPRPHQWXPVSDFH7KH
LQIOXHQFHRI WKHUD\WUDMHFWRULHVRQWKHSRODUL]DWLRQEULQJVDERXW%HUU\SKDVHVRIRSSRVLWHVLJQV
IRU WKHULJKWKDQGDQGOHIWKDQGFLUFXODUO\SRODUL]HGWUDQVYHUVHZDYHVDQGWKH5\WRYURWDWLRQRI
WKHSRODUL]DWLRQHOOLSVH7KHUHFLSURFDOHIIHFWRIWKHSRODUL]DWLRQLQIOXHQFHRQWKHUD\WUDMHFWRULHV
LV GHVFULEHG E\ DQ DGGLWLRQDO WHUP LQ WKH UD\ HTXDWLRQV RIPRWLRQZKLFK KDV WKH IRUP RI WKH
µ/RUHQW]IRUFH¶FDXVHGE\WKH%HUU\JDXJHILHOGLQPRPHQWXPVSDFH%HFDXVHRIWKLVWHUPZDYHV
RI GLIIHUHQW SRODUL]DWLRQV SURSDJDWH DORQJ VOLJKWO\ GLIIHUHQW WUDMHFWRULHV DQGZDYHV RI RSSRVLWH
KHOLFLWLHVH[SHULHQFHGHIOHFWLRQVLQRSSRVLWHGLUHFWLRQVRUWKRJRQDOWRWKHUD\GLUHFWLRQDQGWRWKH

JUDGLHQWRILQKRPRJHQHLW\µH[WHUQDOIRUFH¶,WZDVVKRZQWKDWWKHSRODUL]DWLRQWHUPPDNHVWKH
UD\ HTXDWLRQV FRPSDWLEOHZLWK WKH FRQVHUYDWLRQ ODZ RI WKH WRWDO DQJXODUPRPHQWXPRI RSWLFDO
SKRQRQV 7KLV FRQVHUYDWLRQ ODZ DOVR SUHGLFWV WKH WUDQVYHUVH SRODUL]DWLRQ VKLIW RI WKH DFRXVWLF
ZDYH SDFNHW UHIOHFWHGIURPWKHIODWVKDUSERXQGDU\7KLV LVDQDFRXVWLFDQDORJXHRI WKHRSWLFDO
)HGRURY,PEHUW VKLIW 7KH ORQJLWXGLQDO DFRXVWLF ZDYHV FRQWULEXWH WR WKH HYROXWLRQ RI WKH
WUDQVYHUVH RQHV RQO\ ZKHQ VFDWWHULQJ E\ VKDUS LQKRPRJHQHLWLHV WDNHV SODFH RWKHUZLVH LQ D
VPRRWKPHGLXPWKHHYROXWLRQVRIWZRW\SHVRIZDYHVDUHLQGHSHQGHQW
7KH SKHQRPHQD GLVFXVVHG DERYH FDQ PDQLIHVW WKHPVHOYHV LQ WKH IROORZLQJ DFRXVWLF
V\VWHPV )LUVW WKH%HUU\SKDVHREVHUYHGDVWKH5\WRYURWDWLRQRI WKHSRODUL]DWLRQSODQHUHYHDOV
LWVHOI LQ WKH SURSDJDWLRQ RI ZDYHV DORQJ KHOLFDO WUDMHFWRULHV IRU LQVWDQFH LQ KHOLFDO URGV RI
FLUFXODU FURVVVHFWLRQ LH KHOLFDO DFRXVWLF ZDYHJXLGHV VLPLODU WR WKH RSWLFDO H[SHULPHQWV RI
5RVV DQG RI 7RPLWD DQG&KLDR >@ WKH SRVVLELOLW\ RI VXFK HIIHFW KDV DOVR EHHQPHQWLRQHG E\
6HJHUW >@ 7KH SUHGLFWHG WUDQVYHUVH SRODUL]DWLRQ GHIOHFWLRQ VSLQ +DOO HIIHFW RI SKRQRQV LV
GLIILFXOWWRREVHUYHGXHWRLWVVPDOOQHVV+RZHYHULWFDQEHHQKDQFHGVLJQLILFDQWO\IRULQVWDQFH
E\ WKH DFFXPXODWLRQ RI GHIOHFWLRQV LQ FLUFXODU ZDYHJXLGHV >@ RU LQ SHULRGLF PHGLD >@
3RODUL]DWLRQWUDQVSRUWFDQDOVREHQRWLFHDEOHLQSKRQRQLFFU\VWDOVZLWKDGGLWLRQDOLQKRPRJHQHLW\
VLPLODUO\ WR SKRWRQLF FU\VWDOV >@ %HVLGHV WKH WUDQVYHUVH WRSRORJLFDO WUDQVSRUW FDQ EH
GUDPDWLFDOO\ LQFUHDVHGZKHQ WKH EHDP FDUULHV DGGLWLRQDO LQWULQVLF RUELWDO DQJXODUPRPHQWXP
>@7KHVSLQ+DOOHIIHFWKDVEHHQGHWHFWHGIRUSKRWRQV>@DQGUHFHQWO\IRUHOHFWURQVLQ
VROLGV>@7KHUHLVJRRGUHDVRQWREHOLHYHWKDWLQWKHQHDUIXWXUHSRODUL]DWLRQWUDQVSRUWZLOODOVR
EH PHDVXUHGLQDFRXVWLFV
$FNQRZOHGJHPHQW
7KHDXWKRUVDUHJUDWHIXOWR9.XODJLQIRUIUXLWIXOGLVFXVVLRQV
$SSHQGL[$'LDJRQDOL]DWLRQWUDQVIRUPDWLRQDQGJDXJHSRWHQWLDOVYLD
JHQHUDWRUVRI  62  JURXS
7KHJHQHUDWRUVRIJURXS  62  DUH
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2SHUDWRU ÖH[S LDª º¬ ¼(Q  ZKHUH    Ö  ( ( ({( DQG  6 Q \ LV D XQLW YHFWRU LV D URWDWLRQ
DERXW Q D[LVE\DQDQJOHD  ,WFDQEHFDOFXODWHGH[SOLFLWO\WKDW
    ÖH[S FRV VLQ  FRVLM LMN N L M
LM
L H Q Q QD G D D Dª º    ¬ ¼(Q  $
 LMNH LV WKH XQLW DQWLV\PPHWULF WHQVRU 8VLQJ $ RQH FDQ VKRZ WKDW WKH GLDJRQDOL]DWLRQ
WUDQVIRUPDWLRQ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